Abstract. We classify the G a -actions on normal affine varieties defined over any field that are horizontal with respect to a torus action of complexity one. This generalizes previous results that were available for perfect ground fields (cf. [12, 17, 16] ).
respecting the following conditions. (i) ∂ (0) is the identity; (ii) for all b 1 , b 2 ∈ k[X] and i ∈ Z ≥0 ,
(iii) for any b ∈ k[X] we have ∂ (j) (b) = 0 for j ≫ 0; (iv) for all u, v ∈ Z ≥0 ,
Moreover, the datum of a T-action on X translates into an M-grading on the k-algebra k [X] , where M denotes the character group of the torus T. Note that finite type normal M-graded algebras admit combinatorial descriptions in terms of polyhedral divisors (notion invented by Altmann and Hausen; see [1, 24, 15] ). The idea in [17] (and this is the viewpoint of the present paper) is to classify the G a -actions in question using this combinatorial approach.
A G a -action is said to be normalized by the T-action if, for the corresponding LFIHD ∂, there is a lattice vector e ∈ M (called the degree of ∂) such that the linear maps ∂ (j) are homogeneous of degree je. In other words, this means that any homogeneous element in k[X] of degree m ∈ M is sent to a homogeneous element of degree m + je ∈ M by the map ∂ (j) for every integer j ∈ Z ≥0 . Using the Leibniz rule, that is Condition (ii) before, the LFIHD ∂ extends to a sequence of linear operators on the function field k(X) satisfying Conditions (i), (ii), (iv) (see e.g. [16, Lemma 2.5] ). We say, in addition, that the G a -action normalized by the torus action is vertical (or of fiber type) if ∂ (j) (k(X) T ) = 0 for any j ∈ Z >0 , where ∂ means the extension on the function field k(X). Otherwise, the normalized G a -action is called horizontal. Over any field, the vertical G a -actions on complexity-one affine T-varieties were described in [16, Section 4 ] (see also [18] ). Therefore, it remains to look at the horizontal case. Our first main result (see 2.10) can be stated as follows. Here the combinatorial equipment for describing the horizontal G a -actions are the coherent families, see Definition 2.9 for more details. Theorem 1.1. Let X be a complexity-one affine T-variety described by a polyhedral divisor D over a regular curve C. Then the presence of a horizontal G a -action on X implies that C = A The key observation for proving Theorem 1.1 is that the existence of such a horizontal G a -action automatically implies that the complexity-one affine T-variety is geometrically integral over k (see Lemma 2.1) and therefore one may extend the scalars to an algebraic closurek. While the proof of our main result (see Theorem 2.10) boils down to understanding this field extension problem, it is worthwhile mentioning that these k-varieties are not in general geometrically normal. For instance, one may take the ones that have a regular non-smooth affine global quotient. But, as observed in Lemma 2.1, such examples do not fulfill the condition to have any horizontal G a -action. Nevertheless, we exhibit in 2.11 a non-geometrically normal example of complexity-one affine Tvariety that possesses a horizontal G a -action.
As a further matter, the inseparable degree of the closed points of the rational quotient appears in the description of the horizontal G a -action as a new numerical invariant (see Definition 2.9 (v) [16, Corollary 5.6] for perfect ground fields) on the geometric structure of normal affine G m -surfaces with horizontal G a -action that gives rise to a positive grading. Theorem 1.2. Any (normal) affine G m -surface over arbitrary field that is not hyperbolic and having a horizontal G a -action is a toric surface. Remark 1.3. We will suppose that for any algebraic variety V over k, the field k is algebraically closed in the function field k(V ). That means that all elements of k(V ) that are solutions to a onevariable polynomial in k[t] belong to k. This assumption implies that V is geometrically irreducible (see [19, §3.2, Corollary 2.14(d)]) and allows one to simplify the statements of the present paper. It is not restrictive since, in the general case, one may change the base field k by its algebraic closure in k(V ). We will also let V K = V × Spec k Spec K for any field extension K/k. Finally, the letter p will denote the characteristic exponent of the field k.
2.
Classification of horizontal G a -actions 2.1. Torus actions and polyhedral divisors. We fix a complexity-one affine T-variety X defined over k. The torus action on X involves considering a combinatorial description which was, in particular, initiated by Mumford [13] , Demazure [8] , Timashëv [23, 24] , Flenner-Zaidenberg [11] and Altmann-Hausen [1] . We will adopt the notation used in [1] (see [15] for a version over any field). Especially, the letter M stands for the character lattice of the torus T, the space N := Hom(M, Z) is the lattice of one-parameter subgroups and N Q := Q ⊗ Z N, M Q := Q ⊗ Z M are the associated Q-vector spaces. We write ·, · for the duality bracket between M Q and N Q . The M-graded algebra
where C is a regular curve over k and the subset σ ⊆ N Q is a polyhedral cone with the property that the dual σ ∨ ⊆ M Q is full-dimensional. The letter D denotes a formal sum
on the closed points of C which defines a σ-polyhedral divisor, that is, we ask that each subset D y ⊆ N Q is a Minkowski sum of a polytope with σ and D y = σ for almost all closed point y ∈ C. One can evaluate the polyhedral divisor at the vector m ∈ σ ∨ via the equality
which actually gives a Q-divisor on C. Finally, in each graded piece, a Laurent monomial χ m is attached for keeping track of the degree of every homogeneous element. Note that some positivity assumptions are required on the evaluations D(m) in order to have a perfect dictionary between complexity-one affine T-varieties and polyhedral divisors over regular curves (see [15, Definition 0.1] for the details). In the case where the base curve C is affine, no condition is required, whereas for C = P 1 k (which is a case of main interest in this article), the positivity is equivalent to ask the inclusion of polyhedra
where κ y is the residue field of the closed point y ∈ C. (i) The kernel of ∂ is a semigroup algebra, that is (iii) Using the existence of a local slice for the G a -action (see [21, Lemma 1.5, p20]) and Assertion (i), we may find a transcendent element x n+1 over ker(∂) such that
where (e 1 , . . . , e n ) is a basis of the lattice L. Note that x 1 , . . . , x n+1 are algebraically independent over k. Hence for any field extension K/k we have that
proving that X = Spec A is geometrically integral over k.
(iv) Since finite fields are perfect, using [16, Lemma 5.2 (iii)], we may assume that the cardinality of k is infinite. By virtue of [21, Lemma 1.5, p20], one can find a homogeneous element f in ker(∂) and a transcendent homogeneous element x over ker (∂) 
where V = Spec ker(∂) f is a k-variety with a T-action and having a dense open orbit. Assume (toward a contradiction) that for every v ∈ V (k), there exists a closed schematic point
which contradicts the dominance of γ. We conclude that there exists v ∈ V (k) such that the map
As k(C) = k(P 1 k ), the regular affine curve C is an open subscheme of P 1 k . By the argument before we have a dominant morphism C 1 := A 1 k → C which extends to the completions into a proper morphismγ :
Then the surjectivity ofγ implies that {γ(y ∞ )} is the complement of C in its regular completion. We conclude that C ≃ A According to the previous result, we have that
the associated monic irreducible polynomial. We may write q y (t) =q y (t p ℓ ), whereq y (t) ∈ k[t] is a polynomial with nonzero derivative with respect to the variable t. We call the number ε y := p ℓ the inseparable degree of y. In the ringk[t], we have the decomposition
where the α i,y ∈k are pairwise distinct. Note that if s y = 1, then we say that y is purely inseparable.
We also set
where here (
k ; this defines a σ-polyhedral divisor over Ck. We introduce similar notations for polyhedral divisors over a non-empty open subscheme of P 
Proof. The first part of the lemma is obtained by choosing a finite system of homogeneous generators a 1 , . . . 
is a normal ring, we conclude that β ∈ k[X 0 ], proving the lemma. Lemma 2.3. Assume that our algebra A = k[X] has a horizontal LFIHD ∂ and that C = P 1 k . Then there exists a k-rational point y ∞ ∈ C(k) such that for any m ∈ ω ∩ L the effective Q-divisor D(m) + div(ϕ m ) has at most y ∞ in its support. Here ϕ m is the regular function from Lemma 2.1(i). 2), we remark that ∂ extends to a horizontal LFIHD on B. This forces C ′ to be isomorphic to A 1 k (see Lemma 2.1(iv)) and therefore y ∞ to be a k-rational point.
Until now we may assume that the k-rational point y ∞ in Lemma 2.3 is the point ∞ ∈ P 1 k corresponding to the local parameter t considered before. With this in hand, we obtain the following corollary, which is a generalization of [16, Lemma 5.5 (ii)] over any field. Theorem 2.5. Any (normal) affine G m -surface X over a field k which is not hyperbolic and admitting a horizontal G a -action is toric. More precisely, assume that X is described by a polyhedral divisor D over a regular curve C. Then C = A √ f ] and also a polynomial algebra of one variable over k (compare with Lemma 2.1(iv)). Moreover, if S is the normalization of B ⊗ kk , then S has a horizontal G a,k -action and S 0 = S Gm (which is the normalization ofk[t,
is a polynomial ring too. Using that S is factorial and that S ⋆ = k ⋆ , we must have f = (t − µ) r for some µ ∈k and r ∈ Z >0 . In addition, f belongs to k[x] and so we write f = (t p u −λ) v for some v ∈ Z ≥0 \ pZ, u ∈ Z ≥0 and some λ = µ p u ∈ k. This implies that
′ . Then we claim that the normalizationC of C 0 has algebra of regular functions equal to R := k[x, y = (
e.,C is the plane curve defined by the equation
. So we only need to check that R is a normal ring. Using the Jacobian criterion overk, this amounts to show that R is regular at the prime ideal p = (y). Let s = (x − µ) 1/d ′ and consider the field extension k(C 0 ) ⊆k(s) where we get the parametrization x = s d ′ + µ and y = s p u . Let ν 0 be the discrete valuation onk(s), trivial onk and satisfying ν 0 (s) = 1. Denote by ν the restriction of the valuation 1 p u v 0 to the subfield k(C 0 ). Remarking that
is a proper ideal that contains p, we have I ν = p. Therefore the local ring R p coincides with the valuation ring associated with ν and we conclude thatC = Spec R is regular. Note thatC is not smooth (according to the Jacobian criterion forCk). This contradicts the fact thatC is the affine line over k. Finally, λ ∈ k p u and {D(1)} is supported in at most one k-rational point (by observing that div(f ) + D(d) = 0).
We pass to the case where
, where ξ is a homogeneous element of ker(∂), we may assume that the degree e of ∂ is positive. Using Corollary 2.4, the LFIHD ∂ extends on the normalization
into a horizontal one. Thus, we end the proof of the theorem by using the previous case where C was assumed to be affine.
As a consequence of Theorem 2.5 we get the following result. We will here assume that C is equal to A 
Proof. The proof is similar to that of [17, Lemmata 3.18, 3.23] . We include the argument here for the convenience of the reader. (i) According to Lemma 2.1(iv) and Lemma 2.3, we only need to prove the required maximality property. Since the case C = P 1 k is similar, we may assume that C = A is stable by the G a -action coming from the LFIHD {ϕ i ℓ ·∂ (i) } i≥0 . Therefore from Theorem 2.5, the Qdivisor {D(ℓ + e)} is supported in at most one k-rational point. Now we remark that {D(ℓ + e)} = {D(ℓ ′ + e)} for all ℓ, ℓ ′ ∈ ω ∩ L since the difference between D(ℓ + e) and D(ℓ ′ + e) is equal to div(ϕ ℓ ′ /ϕ ℓ ). As the subset {e} ∪ L generates M, we conclude that assertion (a) of the lemma holds. 
it has been proved in [16, Theorem 3.5] (see [7, Section 4.5] , [17, Theorem 2.7] for the characteristic zero case) that any homogeneous LFIHD on this algebra (up to a constant) is described by a Demazure root of σ 0 and vice-versa. If e ∈ M is such a Demazure root, then the corresponding LFIHD ∂ e is defined via the formula
For a coloringD (see Definition 2.7), the associated cone ω (which will play the role of the weight cone of the kernel of the corresponding horizontal LFIHD) is the polyhedral cone whose dual τ ⊆ N Q is spanned by deg D |C ′ − v deg . Also, we denote byω ⊆ M Q × Q the polyhedral cone whose the dual τ is spanned by (τ, 0), (v y 0 , 1) if C = A We then introduce the main tool for describing horizontal G a -actions on complexity-one affine T-varieties (see [2, Definition 1.9] for the classical case). Recall that p is the characteristic exponent of the base field k. Definition 2.9. A family θ = (D, e, s, λ) is said to be coherent if first
(ii) e is a lattice vector of M, (iii) s is a family of positive integers (s 1 , . . . , s r ) such that s 1 < . . . < s r and with the condition that r = 1 = s 1 whenever p = 1. Moreover, we ask that
is a Demazure root of the coneτ ⊆ N Q × Q with distinguished ray Q ≥0 · (v y 0 , 1), where d ∈ Z >0 is the smallest element such that dv y 0 ∈ N, (iv) and finally, λ is a sequence (λ 1 , . . . , λ r ) of elements of k ⋆ .
Together, they satisfy the following constraints.
(
From a coherent family θ = (D, e, s, λ) as in 2.9, we define a sequence of k-linear operators
It satisfies the axioms (i), (ii), (iv) of an LFIHD of Section 1 (but does not satisfies the axiom (iii) of an LFIHD). For all i, r ∈ Z ≥0 and m ∈ M we let
where ξ m is an element of k(t) ⋆ such that div(ξ m ) + y∈C m,ṽ y · [y] = 0 (hereṽ y = v y for all y ∈ C ′ \ {y 0 } andṽ y = 0 otherwise) and ∂ ζ,s,λ is the LFIHD on k[ζ] given by the formula
The main result of this paper is the following (see [12, Theorem 3.22] , [17, Theorem 3 .28] , [16, Theorem 5.11] for the case of perfect ground fields).
Theorem 2.10. Let X be a complexity-one affine T-variety described by a polyhedral divisor D over a regular curve C. Then the presence of a horizontal G a -action on X implies that C = A Proof. We first show how to a horizontal G a -action on X we may associate a coherent family. By Lemma 2.2, we have the equality k(X)∩A[Ck, Dk] = k[X], where Dk is the polyhedral divisor corresponding to the normalization of Xk. Therefore, having a horizontal LFIHD on k[X] is equivalent to considering a horizontal LFIHD ∂ on A[Ck, Dk] in which the extension∂ on the function fieldk(Xk) (defining a family of k-linear operators and satisfying (i), (ii), (iv) of the definition of an LFIHD; see e.g. [25, Section 3] for the existence of such an extension) stabilizes k(X), i.e.,∂ (i) (k(X)) ⊆ k(X) for any i ≥ 0. For such an LFIHD ∂ let us denote by e its degree.
According to Corollary 2.6, there exists a k-rational point y ∞ ∈ C and a maximal subcone ω ⊆ σ (5), (6) . Let us prove the equivalence (4) ⇔ (v). The others equivalences, namely (5) ⇔ (vi) and (6) ⇔ (vii), are shown in the same way and are left to the reader. Assume that (4) holds. Take y ∈ C ′ and let ω 0 = ω be a maximal cone in which m ∈ ω 0 → h y (m) is linear (note that if such an ω 0 does not exist, then h y is identically zero and (4) ⇔ (v) is true). We also denote by h y,ω 0 the linear extension on σ ∨ of (h y ) |ω 0 . Then for m ∈ ω 0 ∩ M such that h y (m) ∈ Z and m + p s 1 e ∈ ω 0 we have that
Therefore using (4), we get that Let us now assume (v). Let m ∈ σ ∨ ∩ M such that m + p s 1 e ∈ σ ∨ ∩ N and with h y (m + p s 1 e) = 0. Then there exists a maximal cone ω 0 = ω where (h y ) |ω 0 is linear such that m + p s 1 e ∈ ω 0 . Thus,
where the last inequality comes from (v). This establishes (4) ⇔ (v).
Our analysis implies that we get an injective map from the set of horizontal LFIHDs on k[X] to the set of coherent families of D (the verification of the injectivity being formal). It remains to check that for a given coherent family θ on D, there is a horizontal G a -action on X corresponding to it. The sequence of operators ∂ θ of k(X) extends to one onk(Xk). As the previous conditions (1), (2) 2.4. Some examples. We start by bringing an example that involves the inseparable degree of Definition 2.9 (v).
Example 2.11. Here the base field k is of characteristic 2. We assume that N Q = Q and that σ = {0}. We consider the σ-polyhedral divisor D over A , v y ′ = 0 for y
If we take e = 1 and s 1 = 2, then (2 s 1 e, − 
and that the family θ = (D, e, (2), (1)) is not coherent (as Condition (v) of Definition 2.9 fails to be satisfied). We claim that if k is imperfect, then θ defines a horizontal G a -action for a well-chosen y. Indeed, let us pick a non-square element λ in k and assume that y is given by the polynomial p y (t) = t 2 − λ. Moreover, ∂
θ ((t 2 − λ)tχ −5 ) ∈ A ≥0 for any j ∈ Z ≥0 . Since A ≥0 ∪ {(t 2 − λ)tχ −5 } generates the k-algebra k[X], we conclude that ∂ θ gives rise to a horizontal G a -action on X. Finally, remark that X is not geometrically normal (as Spec A ≥0 is isomorphic to Spec k[x 1 , x 2 , x 3 ]/((x 2 1 − λ)x 3 − x 2 2 )). Beside the inseparability condition on each point involving in Definition 2.9, one may ask why we need the factor p u in Condition (v). Originally, it appears in the proof of [16, Lemma 5 .10] because we lift a G a -action from a cyclic covering (whose the degree might be divisible by the characteristic of the base field). Therefore, the factor p u comes from a ramification phenomenon. The next example aims to illustrate this technical point.
Example 2.12. We assume that the base field k is algebraically closed. We consider the polyhedral divisor D over the affine line A Now for defining a coherent family we choose a Demazure rootẽ of the coneτ with distinguished ray Q ≥0 (1, 0, 2). For example, we takeẽ = (1, 0, −1) and set e = (1, 0). One sees that if the characteristic of k is unequal to 2, then Condition (v) of Definition 2.9 is not satisfied. However, if the characteristic is equal to 2, due to the ramification phenomenon (presence of the factor p u ), Condition (v) of Definition 2.9 is indeed satisfied. So this means that, from the combinatorial data discussed before, the G a -action only shows up in characteristic 2. Let us check this in example.
The graded pieces A m 1 ,m 2 of the algebra A = A[A 
